Exact PT-Symmetry Is Equivalent to Hermiticity 
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K*" . Abstract 

o 

00 

. We show that a quantum system possessing an exact antihnear symmetry, in partic- 

o 

' We construct the unitary operator relating an arbitrary non-Hermitian Hamiltonian with 

exact PT-symmetry to a Hermitian Hamiltonian. We apply our general results to PT- 
Oh! symmetry in finite-dimensions and give the explicit form of the above-mentioned unitary 

pH . operator and Hermitian Hamiltonian in two dimensions. Our findings lead to the conjec- 

ture that non-Hermitian CPT-symmetric field theories are equivalent to certain nonlocal 



Hermitian field theories. 

^ ' The interest in PT-symmetric quantum mechanics [1^ has its origin in the idea that since 

I the CPT theorem follows from the axioms of local quantum field theory, one might obtain a 
more general field theory by replacing the axiom of the Hermiticity of the Hamiltonian by the 
requirement of CPT-symmetry. The simplest nonrelativistic example of such theories is the 
PT-symmetric quantum mechanics. During the past five years there have appeared dozens of 
publications exploring the properties of the PT-symmetric Hamiltonians. Among these is a 
series of articles [21- [S] by the present author that attempt to demonstrate that PT-symmetry 
can be understood most conveniently using the theory of pseudo-Hermitian operators (See also 
|lUj.) The recent articles of Bender, Meisimger, and Wang fHI^, however, show that the 
mystery associated with PT-symmetry has surprisingly survived the comprehensive treatment 
offered by pseudo-Hermiticity. The aim of the present article is to provide a conclusive proof 
that the exact PT-symmetry is equivalent to Hermiticity. In particular, we offer a complete 
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treatment of PT-symmetry in finite-dimensions that clarifies some of the issues raised in ^2] 
and shows that some of the claims made in ^2] are not true. We also comment on the nature 
and possible advantages of non-Hermitian CPT-symmetric field theories. 

First, we wish to point out that the results of JT] regarding the PT-symmetry of Hermitian 
Hamiltonians follows from the more general result that any diagonalizable pseudo-Hermitian 
Hamiltonian is PT-symmetric where the P and T are the generalized parity and time-reversal 
operators, 8j. The definition of P and T used in |TTj are originally given for arbitrary di- 
agonalizable pseudo-Hermitian Hamiltonians in P]; they are Eqs. (77) and (78) of 8J. The 
statement that any Hermitian Hamiltonian is PT-symmetric is actually not surprising at all. 
A simple corollary of Theorem 2 of pP is that any Hermitian Hamiltonian has an antilinear 
symmetry. The proof of this theorem provides an explicit construction of such symmetries. 
Among them are the (generalized) PT and CPT symmetries that are considered in great 
detail in jH] . 

We start our analysis by considering a linear operator H' that acts in a complex vector 
space V and commutes with an invertible antilinear operator X' . Then as shown in 
the eigenvalues of H' are either real or come in complex-conjugate pairs. Furthermore, if we 
demand that all the eigenvectors of H' are also eigenvectors of X\ i.e., the symmetry generated 
by X' is exact, then the eigenvalues of H' are necessarily real. Now, let Ti be the (invariant) 
subspace of V spanned by the eigenvectors of H' . Then by construction the restriction H 
of H' to Ti will be diagonalizable, and the restriction X of X' to Ti will generate an exact 
symmetry of H. 

Next, suppose that ( , ) is an arbitrary complete positive-definite inner product on 7Y, so 
that Ti is endowed with the structure of a separable Hilbert space. Then if is a diagonalizable 
operator acting in Ti and having a real spectrum. We will identify it as the Hamiltonian 
of a physical system whose state vectors belong to Ti. The dynamics of the system is then 
determined by the Schrodinger equation 

^nj^m = Hm- (1) 

It is tempting to view 7i as the Hilbert space for this quantum system. However, in general, 
H is not a Hermitian operator with respect to the inner product ( , ) of Ti. Hence, the 
time-evolution generated by if in 7i will not be unitary. 

If we assume that if has a discrete spectrum, then according to Theorem 3 of 0] if is 
Hermitian with respect to a positive-definite inner product (( , )) on Ti. Like any other inner 
product on H, (( , )) will have the form [IB]: 

((^,0)) = (V^,r7+0), VV^,0e7^, (2) 
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for some Hermitian, invertible, linear operator ?7_j_ : — > 7Y. The Hermiticity of H with 
respect to (( , )), i.e., 

{{ij,H4>)) = {{Hij,4>)), \/ij,(Pen, (3) 

is equivalent to its r7+-pseudo-Hermiticity [2]: 

= r/+ifr/;\ (4) 

Moreover, the fact that (( , )) is a positive-definite inner product implies that i]^ is a positive- 
definite operator. This in turn means that 77+ has a positive-definite square root p+, i.e., there 
exists a positive Hermitian operator p+ : ^ 7i such that 

V+ = pI- (5) 

Clearly, p_|_ is invertible. 

Next, let H denote the span of the eigenvectors of H endowed with the inner product 
(( , )). As a vector space H. coincides with 7i. Therefore we may view as a linear 
invertible operator mapping H onto H. We can easily show that for all ^, G 7-^, 

Equivalently, we have for all G 7^ and ip ^Ti, 

((^,p;V)) = (p+^,0). 

Comparing this equation with the defining relation for p+^^ namely {{ip , p'^^ (j))) = {p~^^ 'ip , (f)) , 
we see that p'^^ = p+ = {p^)^^. Therefore, p~^ : H H is a unitary operator; the Hilbert 
spaces Ti and 7i are related by a unitary operator. In particular, for every Hamiltonian 
operator h defining a time-evolution in 7Y, we may define a Hamiltonian 

h := p;^/ip+, (6) 

acting in H such that under the action of pl,^^ the solutions ipit) of the Schrodinger equation 
for the Hamiltonian h are mapped to the solutions tp{t) of the Schrodinger equation for h. 
The observables O : H ^ H are also mapped to the observables O : Til — > 7i by the unitary 
similarity transformation: 

O = Pt0p+. (7) 
Now, if we set h = H, i.e., view if as a Hamiltonian acting in the Hilbert space 7i, then 

h := p+Hp-\ (8) 
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will be a Hermitian Hamiltonian acting in the original Hilbert space Ti. The Hermiticity of h 
follows from the fact that H is Hermitian with respect to the inner product (( , )) on and 
that is unitary. 

By construction, the Hamiltonians H and h are related by a unitary transformation map- 
ping two different Hilbert spaces with the same vector space structure. Using the terminology 
of jl], we say that the quantum systems determined by (7Y, /i) and (7Y, if) are related by a 
pseudo-canonical transformation. Clearly, they are physically equivalent. 

In summary, we have shown that if a quantum system has an exact antilinear symme- 
try (with an invertible symmetry generator) then one can describe the same system using a 
Hermitian Hamiltonian. This applies to PT-symmetric systems whose generator is clearly 
invertible. 

The construction of the unitary operator requires the knowledge of the eigenvectors 
of the Hamiltonian H . If the Hilbert space is an infinite-dimensional function space and H is 
a differential operator, then pl^^ and consequently the Hamiltonian h are in general nonlocal 
(non-differential) operators. This suggests that the idea of replacing the Hermiticity condition 
on the Hamiltonian of a local quantum field theory by its CPT-symmetry will probably give 
rise to a theory which is equivalent to a nonlocal field theory with a Hermitian Hamiltonian. 
This should not however overshadow the importance of this idea as it suggests the possibility 
of treating certain nonlocal field theories using equivalent local CPT-symmetric field theories 
with non-Hermitian Hamiltonians. 

In the following we explore the utility of our findings in the study of PT-symmetry in finite 
dimensions ^21, where Ti = for some D E Z"*". 

In ^21; the authors explore certain matrix Hamiltonians that they identify with the finite- 
dimensional analogs of the Hamiltonians studied within the context of PT-symmetric quantum 
mechanics j]p. The analysis of ^21 involves considering complex symmetric Hamiltonians H 
that admit an antilinear symmetry generated hj X := PT where P is a real symmetric 
matrix satisfying P^ = 1, i.e., it is an involution, and T is complex-conjugation ^ (for all 
"0 G 7i, -ktp := ip*.) They outline a construction of the most general real symmetric matrix 
P which is an involution, impose the condition that H commutes with PT, restrict to the 
range of parameters of H where the PT-symmetry is exact, and define the indefinite PT- inner 
product, 

(^|0):=[PT^]^-0, (9) 

where ^ stands for the transpose and a dot means matrix multiplication. For the case D = 2, 
they compute the eigenvectors of H, introduce a charge-conjugation operator C, such that H 
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commutes with C and consequently CPT, and show that the CPT-inner product, 



(V^|0):=[CPT^J^-0, (10) 
is positive-definite. Among the statements made in ^2] are 

Claim 1: A finite-dimensional PT-symmetric Hamiltonian (which is a certain complex 
symmetric matrix) is not unitarily equivalent to any Hermitian matrix Hamiltonian. 

Claim 2: The extension to non-symmetric PT-symmetric matrix Hamiltonians cannot 
be pursued by the methods of the theory of pseudo-Hermitian operators as outlined in 
[S], because they lead to nonunitary evolutions. 

In the remainder of this article we show how the general results described above explain the 
findings reported in ^2), prove that the claims 1. and 2. are false, and discuss an extension of 
the results of on PT-symmetry in finite-dimensions to nonsymmetric matrix Hamiltonians. 

First, we use the fact that T is complex-conjugation and P is a real symmetric involution 
to show that (PT)^ = 1. This together with the observation that if is a PT-symmetric 
symmetric complex matrix imply 

H = PT H PT = P{TH)TP = P H*P = PH^P. 

Multiplying both sides of this equation from left and right by P and using P^ = 1, we have 

= P H P = P H p-\ (11) 

Hence H is P-pseudo-Hermitian. 

Next, let -< , >- denote the ordinary Euclidean inner product on = C''^, i.e., 

^^,0^:=^t.0^ VV^,0G7^, (12) 

where ip"^ := ip'^*. Then in view of Eqs. and (|12p. and the fact that P is real and symmetric, 

(^10) = [p^*f . = ^T*p ■ =^ V, ^0 ^, Vz/^, (j)en. 

Therefore the PT-inner product of |12| is just the pseudo-inner product [2j: 

corresponding to the choice t] = P. 
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Because the eigenvalues of H are real, it is ?7+-pseudo-Hermitian for a positive-definite 
operator r]+, i.e., (jH) holds. As discussed in [21 El, if we introduce C := rj^^P, we can use 
Eqs. dH) and (HH) to show 

[H, C] = Hr]-^P - 7]-^PH = r]-^H^P - r]-^H^P = 0, (13) 

i.e., C is a linear symmetry generator. Furthermore, if we repeat the arguments leading to 
Eq. (75) of 8j we find that the CPT-inner product is nothing but the ?7+-inner product: 

{^P\(j)) =^ ^^n+^lj y=: U,<P)). 

As a concrete example, we give an explicit construction of 77+, P, and C for the 2x2 
Hamiltonians studied in ^21, namely 



. r + t cos if — is sin ip is cos ip + t sirup \ 

H = \ . ^ . ^ . . ' (14) 

IS cos (p + t simp r — t cos (p + ts sm (p J 

where r, s, t, ip are real parameters and 

|s| < (15) 

We will also compute the Hermitian matrix h that is unitarily equivalent to H. 
As pointed out in [T2] . 



a„cos f + ft„sinf ^ ^ ^_ ^^^^ 



ttn sin I — ibn cos I 
with 

sin a , (— l + ncosa) 



(17) 



• / — T r 5 • J — r 5 

a/2(1 — ncosa) cosa a/2(1 — -n, cosa) cosa 

and a := sin~^(s/t) G {—7112,7112), are linearly independent eigenvectors of H. 

We also notice that because H is symmetric, if^ = H* . Hence ^z^* are eigenvectors of W . 
If we let (pn = nipn: we find a pair of linearly independent eigenvectors of H\ namely 



n 



an cos I — ibn sin | 
a„ sin I + ibn cos | 



that together with ipn form a complete biorthonormal system {■?/'„, 0„} for the Hilbert space 
Ti = . That is they satisfy 

-< 0n, i^m y= (pi-i'm= ^mn, ■ 0+ + z/^- ■ 0l = /, (19) 

where / is the identity matrix. 
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Now, we can compute the positive-definite operator 77+, and the generahzed parity V and 
charge conjugation C operators as defined in |8j, namely 

V+ ■= + (20) 

V := 0+ -0^-0- -01, (21) 
C := ^+-0i-^_-0L (22) 

Substituting (fTT)|) and (fT^ in these equations, we find 

sec a ztana 
— itana sec a 

cos if sin if 
sin if — cos if 

sec a cos ip — i tan a sin sec a sin + i tan a cos 
sec a sin(y9 + itana cosy? —sec a cos (y9 + 2 tan a siny) 

One can directly check that indeed 17+ and H satisfy 
and that the eigenvalues of 77+, which are given by sec a ± tana = y/l + tan^ a ± tana, are 
positive. Moreover, Eqs. (j24p and (|25p are identical with the expressions for the parity P and 
the charge-conjugation C given in We have obtained them by a systematic application 
of the general results of 0. 

Next, we show that contrary to the claims of ^2] the quantum system defined by Hamil- 
tonian (jl4j) is equivalent to a quantum system having a Hermitian Hamiltonian h. For this 
purpose we calculate the positive square root p+ of 77+. The result is 



V 





p^=\ : ' I , (26) 

where 

r± := - (Vsec a — tana ± Vsec a + tana) . 
Inserting (fT^ and in (jH)), we obtain 



r + VWT^^cos^ VW+l^n^ )=r/+v/t^P. (27) 
Y y/W+s^ simp r — \/W+s^ cos (f J 

This Hamiltonian is a real symmetric matrix, so it is Hermitian as expected. We also see that 
it is P-symmetric. 

A quantum system described by the Hamiltonian H that is viewed as acting in the Hilbert 
space Ti. obtained by endowing with the inner product (0), which is the same as the 
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CPT-inner product, may be equally well described by the Hermitian Hamiltonian h viewed 
as acting in endowed with the Euclidean inner product (fT2|) . There is simply no advantage 
in considering the Hamiltonians of the form p4|) and imposing the condition that they should 
generate a unitary time-evolution. This condition leads one to the study of the well-understood 
two- level Hermitian Hamiltonians [14J. 

Next, we wish to point out that the most general PT-symmetric matrix Hamiltonians (with 
PT to be understood as the generalized parity-time-reversal operator |8|) are the pseudo- 
Hermitian matrices. Among these are the quasi-Hermitian Hamiltonians fSl E] that have 
an unbroken PT-symmetry. But these are related to Hermitian Hamiltonians via similarity 
transformations by invertible matrices. Each matrix Hamiltonian (acting in and) having 
an exact PT-symmetry lives in an orbit of the adjoint action of the group GL{D,C) on the 
u{D) subalgebra of the Lie algebra Qi{D,C). In particular it is diagonalizable. More general 
PT-symmetric Hamiltonians may or may not be diagonalizable. Because the exponential of 
i times a pseudo-Hermitian matrix is necessarily pseudo-unitary and all the pseudo-unitary 
matrices are obtained in this way [HI, one can use the general characterization of pseudo- 
unitary matrices given in P| to determine the number of the independent real parameters in 
the most general pseudo-Hermitian matrix. Note however that if a pseudo-Hermitian matrix 
has a broken PT-symmetry so that it has complex eigenvalues or it is not diagonalizable, then 
it cannot be used as a Hamiltonian capable of supporting a unitary evolution. In this case 
one can easily show that there is no positive-definite inner product in which this Hamiltonian 
is Hermitian. This in turn means |2I that for any choice of positive-definite inner product on 
C^, there are solutions of the Schrodinger equation whose norm will depend on time. 

For D X D matrix Hamiltonians with exact PT-symmetry one can easily count the maxi- 
mum number of free real parameters. But what is important is the number of independent pa- 
rameters corresponding to physically distinct Hamiltonians. The similarity transformations by 
invertible matrices are essentially gauge transformations relating physically equivalent Hamil- 
tonians. Therefore, there are as many physically distinct D x D matrix Hamiltonians with 
exact PT-symmetry as physically distinct Hermitian D x D matrix Hamiltonians. The latter 
have at most real parameters.^ The fact that the authors of ^2] obtain a smaller number is 
because they confine their study to symmetric complex matrices. As we argued above one can 
consistently apply the results of to consider nonsymmetric PT-symmetric Hamiltonians 

^One can diagonalize a Hermitian Hamiltonian by a unitary transformation and transform it into a traceless 
matrix by a time-dependent phase transformation of the state vectors, Jl]. This imphes that distinct unitary 
physical systems having D x D matrix Hamiltonian are uniquely determined by D — 1 free parameters. These 
may be identified with the transition energies. 
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that support unitary evolutions provided that the PT-symmetry is not broken. 

In [7j, we provide a complete analysis of general 2x2 pseudo-Hermitian Hamiltonians. 
In particular, we show that the number of free parameters in a traceless diagonalizable 2x2 
pseudo-Hermitian Hamiltonian having real eigenvalues is 5. Allowing for a nonzero trace is 
equivalent to adding a pseudo-Hermitian matrix that is proportional to the identity matrix, 
i.e., qqI for some oq G M. Hence the number of free real parameters in the most general 
diagonalizable 2x2 pseudo-Hermitian Hamiltonian H with real eigenvalues is 6. As we show 
in |H], we can construct the generalized parity P, time-reversal T, and charge-conjugation C 
operators and show that H has PT-, C-, and CPT-symmetries. These symmetry generators are 
involutions, i.e., {VTY = = (CVT)^ = I. However, the operators V and T are involutions 
(p2 = T'S _ provided that the eigenvectors of H and H'^ fulfill certain conditions (See 
statement 6 of Lemma 1 in j^.) In the following, instead of trying to satisfy these conditions, 
we will first identify T with complex-conjugation ^ and use a direct method to construct the 
most general 2x2 matrix Hamiltonian admitting an exact PT-symmetry for an indefinite 
Hermitian involution P (This means that = P = P^^ and P has real eigenvalues of 
opposite sign.), so that PT is also an involution. We will then extend our analysis to the most 
general case where T is an arbitrary Hermitian, antilinear, involution. 

Let T = -k, then the equation [PT^ = I may be written as P = -kP-k = P*. Therefore, P 
is a real Hermitian (equivalently a real symmetric) matrix. Moreover, the condition that P is 
an indefinite involution implies that its eigenvalues are ±1. This is sufficient to establish that 

p = Oa30-\ (28) 

where is the diagonal Pauli matrix (See (j29j) below.) and O is some special orthogonal 
matrix, i.e., O G 50(2). O is in particular unitary and as any other unitary matrix may be 
written as the exponential of i times a linear combination of the Pauli matrices: 

^-(il)- "'^{"'o)- "'^{l-.)- '''' 

The fact that O is a real matrix then implies that it has the form 

O = e-^'f'^^l'^ (30) 
for some y9 G [0,27r). Inserting (j3U|) in (j28|) . we have 

P = e-^^'^/Vs e^'^"^/^ = cosy? (73 + sin(/? ai. (31) 
To establish the second equality in we used the identity 
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^-i-duil2 



ei''^2/2 ^ ^ ^, + sin t9 ^ eijkCTk. Vz ^ j, (32) 



fe=i 
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where ^ E C and eijk is the totally antisymmetric Levi-Civita symbol with £123 = 1. Eq. 
is identical to (j21I), as expected [T^ . 

Next, we note that the PT-symmetry of H (i.e., [H,PT] = 0) together with {PTY = 1 
and = 1 imply 

H* = PHP. (33) 

Defining 

Ho := 0-^HO, (34) 

and using ((211), dSOl), and (1221), we find 

H* = cJsHoa3. (35) 

As any 2x2 complex matrix, Hq may be written as a linear combination of the identity 
matrix and the Pauli matrices, Hq = a^I + Y^i=i '^i^i^ with oq, cti, c^s G C. Substituting this 
equation in and using (pUj) we see that aQ,a2, 03 must be real and ai must be imaginary. 
Letting ai := iai G M, we then have 

rr J ■ , , ( a^ + a^ -z(ai + a2)\ 

y i[-ai + 02) «o - 03 / 

Next, we use dnni), (122), (El) and (j2Sl) to compute 

H = O Hq O^^ = aQl — (a3 sin ip + iai cos (p)<Ji + 02(12 + (^3 cos ip — iai sin (p)(73 (37) 
If we relabel the parameters according to 

r := Oq, s := — ai, t := 03, u := 02, 
and insert (j29p in (j37|) . we obtain 

(r + tcosif — issinip t sin (p + i{s cos (f — u) \ 
I • (38) 
t simp + i{s cos ip + u) r — t cos (p + si sin ip J 

As seen from this equation, H has 5 free real parameters. The condition of the exactness of the 
PT-symmetry implies that the eigenvalues of H are real. These are also the eigenvalues of Hq. 
The fact that the eigenvalues of Hq are real implies that the determinant of the traceless part 
of Hq must be either zero or negative. In view of ()36|) this yields — t^ —v^ = a\ — a^ — d^ < 0. 
If — — = 0, either H = Hq = or Hq and consequently H are not diagonalizable [7j. 
Requiring that if is a nonzero diagonalizable Hamiltonian so that it supports a nontrivial 
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(nonstationary) unitary time-evolution (with respect to some positive-definite inner product 
on C^) is equivalent to the condition — — < 0, alternatively 



\s\ < Vt^+v^. (39) 



Now, suppose that the condition ()39|1 is satisfied so that H is diagonalizable and has 
real eigenvalues E±. Let ipi be a pair of linearly independent eigenvectors of H, so that 
Hil)± = E±ip±. Acting both sides of [PT,H] = on we can easily show that PTip± are 
also eigenvectors of H with eigenvalue E±. There are two possibilities: 

1. Ej^ = El. Then H is a real multiple of the identity matrix, i.e., H = E^I, and we can 
select ip+ = 7r+ and ip- = in^, where 7r± are a pair of eigenvectors of P with eigenvalue 
±1. It is obvious that Hip± = Eip± and PTip± = P[±ip±] = ip±. 

2. E+ Then PTil)± = N±iIj± for some N± G C — {0}, and we can always rescale the 
eigenvectors ip± and choose the phases of N± so that PTip± = 

This shows that ()39j) is the necessary and sufficient condition for the exactness of PT- 
symmetry. 

The symmetric Hamiltonian ()14|) and the condition ()15p ensuring its exact PT-symmetry 
are special cases of the Hamiltonian (j38|) and the condition (j39|) . Because the Hamiltonians 
(|14p and (j38p differ by m cr2, one may wonder if they are related by a unitary similarity 
transformation. In order to see that this is indeed the case, we let t' G M'^ and (3 G [0, 2tt) be 
given by 

u 



t' := VW+'u?, sin/? := :, cos (3 : 



and introduce 

/ r + t' cos 09 — sin 09 is cos (p + t' sin (p \ , , 

H' ■= \ ^ ^ ^ ' (40) 

\ is cos if + t' sin ip r — t' cos (f + is sin (f J 

Then using fl32|) we can show that 

H' = e''^"^/2(r I + iscxi + t' (Xg) e-^^"^/^^ (42) 
H = UiH'Ui\ (43) 

where H is the Hamiltonian (j38|) . Eq. (j43p indicates that the Hamiltonian (j38|) may be mapped 
to a symmetric Hamiltonian of the form ()14|) by a unitary transformation. A direct conse- 
quence of this observation is that the Hamiltonians (|H5j) are also equivalent to the Hermitian 
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Hamiltonians (j2Zj); in view of ^ and (PHjl we have 

H = U2h'U^\ (44) 

where U2 := Uip'_^^^, p\ is the matrix with a G (— 7r/2, 7r/2) given by a = sin^^(s/t'), and 
is the Hamihonian ()27|1 with t replaced by t' . Because IJ\ is a unitary matrix, U2 viewed as 
an operator mapping endowed with the inner product Q to endowed with the Euchdean 
inner product (fT^ is unitary. Therefore, Eq. ()44|) estabhshes the unitary-equivalence of the 
Hamiltonians (|38p to the Hermitian Hamiltonians of the form (j27j) . 

Next, we wish to construct the most general 2x2 Hamiltonians admitting an exact PT- 
symmetry such that P and T are general Hermitian (respectively linear and antilinear) com- 
muting involutions. To do this, we first recall that the Hermiticity condition for an antilinear 
operator T has the form ^B] 

^4j,T(f)y=^(j),T^ljy, y^lj,(f)en = C\ (45) 

and that any antilinear operator acting in may be expressed as 

T = n (46) 

for some linear operator r : ^ C^. Then imposing the condition that T is an involution, 
i.e., = 1 and using (jl^j) . we can show that 

rt = T~' = T*. (47) 

In other words, r is a complex, symmetric, unitary matrix. Writing r as the exponential of 
i times a linear combination of / and the Pauli matrices and requiring that it is symmetric 
yields the general form of r, namely 

r = e*'''[cos^ J + i sin^(cosC cTi + singers)], (48) 

where 7,^,C e [0,27r). 

Next, we introduce the unitary symmetric matrix 

JJ ._ gi7/2 gi5(cosC o-i+sinC 0-3)72 _ ^^g^ 

Then in view of the identity 

3 

i=l 
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where G M and rij are the components of a unit vector n G M'^, we can check that 

r = U\ (50) 

Substituting this equation in ()46|) and making use of the fact that U is both unitary and 
symmetric, so that U* = W = U~^, we have 

T = U^^ = U {i^U = U * U* = U ^ U-\ (51) 

Eqs. fl51|) reduce the analysis of the general PT-symmetric 2x2 Hamiltonians H with T 
given by (j46j) to that of the Hamiltonians (j38|) . In order to see this, we introduce 

f := U^^T f/ = ^, P = U-^P U, H := U^^H U. (52) 

In view of the fact that ?7 is a unitary matrix, it is easy to see that P is an indefinite 
Hermitian involution, PT is an antilinear involution (so that [P, T] = 0) and that H has an 
exact PT-symmetry. Because T = ic, the matrices P and H have the general form (jHT|) and 
()38|) respectively. Therefore, according to the most general 2x2 Hamiltonian admitting 
an exact PT-symmetry such that P and T are general Hermitian (respectively linear and 
antilinear) commuting involutions is given by 

H = U H U-\ (53) 

where U is the unitary matrix (|49|) and H is given by the right-hand side of (j38p . 

Because H is a Hamiltonian of the form (|38p. according to (|44j) it may be mapped to 
a Hermitian Hamiltonian of the form (jTTj) by a unitary transformation. This observation 
together with Eq. ()53|) and the fact that t/ is a unitary matrix, indicate that the most general 
2x2 Hamiltonian having exact PT-symmetry is related to a Hermitian 2x2 Hamiltonian by 
a unitary transformation. 

In this article we showed that if the Hamiltonian of a quantum system has an exact PT- 
symmetry and supports a unitary time-evolution, then the same system may be described 
using a Hermitian Hamiltonian. This provides the following answer to the question: "Must 
a Hamiltonian be Hermitian?" posed in the title of ^7]: 'The Hamiltonian need not be 
Hermitian in a given inner product, but if one demands unitarity then one can describe the 
same quantum system using a Hermitian Hamiltonian.' 

If the Hilbert space is finite-dimensional, in general, there is no practical difference between 
non-Hermitian Hamiltonians supporting unitary evolutions and Hermitian Hamiltonians. For 
the case that the Hilbert space is an infinite-dimensional function space, again such a non- 
Hermitian Hamiltonian can be mapped to a physically equivalent Hermitian Hamiltonian. But 
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the latter is generally a nonlocal (non-differential) operator. In other words, a local Hamilto- 
nian which is non-Hermitian with respect to a given (positive-definite) inner product -< , >- 
will support a unitary evolution with respect to another (positive-definite) ( , ) inner product 
if and only if it is physically equivalent to a Hamiltonian which is Hermitian with respect to 
the original inner product -< , >~. The only advantage of exploring exact PT-symmetric 
(quasi-Hermitian) Hamiltonians is that the corresponding equivalent Hermitian Hamiltonians 
may be nonlocal operators whose study is generally more difficult. This observation also sug- 
gests a similar scenario for the non-Hermitian CPT-symmetric local field theories, namely 
that such a theory is equivalent to a Hermitian nonlocal field theory. A direct implication 
of this statement is that non-Hermitian CPT-symmetric local field theories are expected to 
share the appealing properties of nonlocal field theories, but since they are local field theories 
they may prove to be much simpler to study. 

Finally, we wish to point out that one can also consider time-dependent exact PT-symmetric 
(quasi-Hermitian) Hamiltonians. The issue of the unitarity of the time-evolution for this kind 
of Hamiltonians is more subtle. It plays an interesting role in the solution of the Hilbert space 
problem for certain quantum cosmological models [TH] . 
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